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SUMMARY

A method is presented for the calculat.on of elastiic stresges
in symmetrical disks typical of those of a high-temperature gas
turbine. The methud is essentially a finite-difference solution of
the equllibrium and compatlibility equations for elastic stresses in
a symmetrical digk. Account can be taken of pcint-to-point varia-
tions in disk thickness, in temperature, In elastic modulus, in
coefficlent of thermal expansion, in material density, and in
Poisson's ratio. No numerical integration or trial-and-error pro-
cedures are involved and the computations can be performed In rapid
and routine fashion by nontechnical comnutsrs with little engineering
supervision. Checks on problems for which exact mathematical solu-
tions are known indicate that the method yields results of high
accuracy.

Illustratlive examples arc presented to show the manner of
treating solid disks, disks with central holes, and disks con-
structed either of a single material or of two or more welded
moterials. The effect of shrink fitting is taken into account by
a very simple device.

INTRODUCTICN

One of the preoblems in the design of gas turbines is the deter-
mination of the stresses in the turbine disk under operating con-
ditions. Calcilation of the elastic-stress distribution is a flrst
step In the determination of the true stress distribution. This
stress distribution is bascd on the assumption of linearity of sgtress
with strain and Aiffcrs from the true stress distributions, which
may contain stresses beyond the proportional elastic limit of the
material.

The equations for the elastic-stress distribution in symmetrical
disks are well known. Their solution may, however, off'er considerable
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b rim of disgk or base of biadss
Example of the use of double subscript:
Op pn-1 redial stress Op at station (n-1)

The following supplementary symbols denote combinations of the
foregoing symbols aricing in the analyeis:
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r,n |
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Ch¥F'n = C'y Fy

K'n = o
o C'y Dy — Cn D'n

G‘n Dn + Gn D'n
Ly = — s aeee
n C'n Dy, - Cn D'y

C'h G +C, Gy

L'y = — = .
n C n Dn - Cn D n

Mo - E'y Dy + Hy D'y

u Cly Dn -Gy D'y

W - C'n Hn + Cy H'n

n =g D=, by,

Assunptlions

Th= assumptions are made that stress 19 proporticnal to strain
and that the disk material is completely elasgtic at the stress dis-
iribution induced by the centrifugal and thermal et'fects., All
variables of material properties and operating conditlons are assumed
to be syumetrical about the axis oi rotation. Axial strescses are
neyglected and at any radiue, the radiai and tangential stressecs are
assvmed to be uniform acrogs the thickness of the disk, Temperatures

o

are taken in the central vlane perpendicular to the axis of the disk.

Outline of Meth:d

In a thin rotating disk of varlable thickness, the state of gtress
at any radive can be completely defined by the two vprincipal stresses,
the radial and tangential stresses Oy and 0t. Two equations are
therefore necessary to determine tke two unknown streases. The firat
of these equations can he obtained from the conditiong of equilibrium
of an element of the disk; the second, from the compatiblility con-
ditions, which are mathematical statements of the Interrclation between
the radlal and tangential straing in e symmetrical disk.

The equilibrium and compatibility equations result in difreren-
tial form delining relabtions between the stresses at radius r and
those at a radius infinltesaimally removed from r. Except for some
special cases, the solutions of these equations are difficult to obtain.
In order to facilitate sclution, the differential equations are rewrit-
ten in rinlte difference form relating the stresses at radius r with
those at a radius finitely removed from r. By means of the finlte-
dilrerence cquations, the stresses at an arbtitrary Cinise number of
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atations along the disgk radius are expressed in terms of the stresses
at a single reference statlion near the center of the disk. For a

disk with a central hole the reference station is chosen at the inside
radius, where the radial stress is zero; hence, the stresses at all
stations in the disk are sxpressed in terms cf the single unknown,

the tangential stress at this station. For a solid disk, the refer-
ence station is chosen at a point near the center of the disk (at a
radius of about 5 percent of the disk vradius). In this reglion the
radial and tangential stregses cen be assumed to be approximately
equal; again, therefore, the stresses at all staticns are expressed

in terms of a single unknown. The unknown can ther be determined by
the boundary conditions at the rim of the disk where the radial stress
l1s equal to the centrifugel bucket loading. When the radial stress
at the rim, expressed in terms of the tangential stress at the refer-
ence station, is equated to the bucket loading, the tangential stress
at the reference station is evaluated. After the tangential stress

at the reference station has been determined, all the other stresses,
expressed in terms of this stress, can be evaluated.

Differential Equations

The equilibrium equation as given in reference 2, (p. 374) using
the notation of this paper, is

g% (rh 0p) ~ h O+ + pu@ hr2 =0 (1)

The compatibility relation is obtained by elimination of wu
(the radial displacement of any point on the disk as the disk passes
from the unstressed to the stressed condition) from the stress-strain
displacement equations

du Op — 8 Gy

er - a;" ""—E"_‘-"""GJAT (2)
O, - O

u t r =

€ = &= ———— + a AT (5)

Equation (3) is subtracted from equation (2) to eliminate u,

_ 0+ u)éor — O¢t) (4)

BlE
!
Bic
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or
rdu — udr (1 + H)(Or - Ot)
T rar T (5)
But
rdu -u:'ir - d (.”l (5)
rédy dr \r

Therefore, by equations (3), (5), and (8),

a /Ot da (4 Ory d ) (1 +p)(op - ay) '
ir F) TENTET) Y s (o AT) -~ T ~=0 (7)

Equationg (1) and (7), together with a knowledge of the boundary
conditions, are sufficient to solve for the two unknowna Oy and

Oy. Because o, &, u, o, AT, and h are, in gensral, functions
of the radius r, the egquati-ns cannot readlly be solved in their
diflerential form; a finite-d4ifterence golution was thersfore derived.

Finite-Difference Equations

The trancla-ion ol di'fereniial equaiione into Tinite-difierence
form to farilitate aclution 1y common in erzineering practice. The
uetnnd has, in tact, beci applied in Timited fashion *to the soluticn
of the stewm-‘nurbine dlsk problem (relercnce 2, vp. 398-400). This
application neclccts, however, the roint-to-point variaticn in
physica. properties, and therefore no appliicatinn to the gas-turbine
diek in wiich there is appresiable variation in properties from hub
©0 rim is made. In addition, the soluiion of the equations involves
an interpolation procedurc, the elimination of which couid reduce
congiderably ths amsunt of culculation n2cessary for a golution and
increase the accuracy of the final resulte.

A number of discrete ponnf stationg ars chosen alongz the disk
radivs as shown in figure 1(aj. If it is assvmed that the stress
d’qt¢1“Au1Jn in the disk has alreedy beecn determined, all quantities

aprearing in cquaticns (1) and {7) are therforve known ab each of the
puint staticns add “he valuveg of cc:rcsyondlng quanti*ies at the
voint A midw tetween the nth end (n-1)st point s*tations can

then be apprcxi na*eiy dotermired. Tor example, in the plot of rh Oy
against r (fig. 1{b)), the radiva at point A is expresged as

YT

r, = (rn~l + 1)
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the value c¢f rh 0y 13

(rh oyp)p = 5 (rpoy Bpo Op el + ¥n by Or,n)

20—

and the slope of the curve at point A, which is approximately equal
to the slope of the chord Jloining points n and n-1, 1is defined as

by Op 1, = Tn-1 Bp.1 Opnal

rn — I'n-l

a \ Tn
’i? (Z‘h OI‘)A oo

In a similar way the values of each of tis other varlables entering
into the equations can be evaluated for point A. If the evaluations
are correct, the quantities at A musc satisfy equaticns (1) and (7).
These squationa therefure become, in finlte-dilVere=nce form

1 1
Tn dp 9 n = Tn-l Mnol Oronal By Oy p * na1 Cton-l

rn — Tn-1 4
¢ 2 2
{ 5. .
* %%'(pn iy n” + fpat Bpop Taoyt) = O (8)
and
O%,n  S%,n-1 Y5 °r;n _EBn-1 “ron-1
: o g A
En Bnaa n ! . O #in 7 In-1 LTy
Ty = -1 n " Tnl Tn Ty
1 f(l + un)(or,n - Otln) N (1 + “u-l)(gr,n—l “’Ot,n-l)] .0
z L En rp Enol Tna

which reduce to
Cr Op,n = Pn Ot n = Fn Op n-1 + Gp Ot n-1 — Hy (10)
and

C'n Opn=Dnot,n=Fnlrri -Gy ng+Hy (11)
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Solution of Finite-Difference Equations

Equatlons (10) and (11) represent two equations from which
Or,n and Ot,n can be expressed in terms o' Cp .1 and Of p.1.

If the Wlnear nature of the equations and the poesibllity of
successive application of the equations to prcceed from one
station to the next are consldered, the stresses at any station
can ultimately be expressed in linesr terus cf the stresses at any
other station. It willl be conuvenlent to e¢xpress the stresses at
all stations In terms of the stresses at the station a. At this
station, the unknown value 1s the tangential stress Ot g hence,
the stresses at station n are expreased in the linear’terms

Cr,n = Ar n Ot,a + By n
Ot,n = #,n Ct,a * Bt n : (12a)
and those at station n-1 1in the form
Op,n-1 = Ar n-1 Ot,a.+ By on-1
Ot,n-1 = At,n-1 %%,a * Bt n1 (12v)

where the coefficients Ay p, Br,n, At,n, and By n are as yet
to be determined.

The substitution of equations (12a) and (12b) into equa-
ticns (10) and (11) and the separation of the terms with and without
Ctg,a Yesult in ths equations
(Cq Ar,n - Dy At,n - ¥y Ar,n-l = Gy At,n—l) Gt,a
+ (Cy Br,n =Pn By n ~Fn By noy — Gy By pnoy t Hy) =0 (13)
and
(' Apon = D'n Ag,n = F'n Appn1 + G At,n-l) Ot,a

on " F'nBr . v G By pa1 - H'p) =0

(14)

The stress Oy , 1s really arbitrary as far as equations (13)
and (14) are concerned because it depends upon the boundary conditions
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and not on the equations of elasticity from which equations (13)

and (14) were derived; that s, by a suiltable choice of the factors
that detsrmine boundery conditions, such as bucket loading and
ghrirnk fit, Op , can be set at any desired value without inval-
idating in aay way thie equations of elasticity (1) and (7), or their
ultimate Tinite-differcnce forms in equations (13) and (14). If an
equation in the form c¢x +4d = 0 1is *o be true for all values of

¥, ths coefficients ¢ and d both must be zerc. Because egqua-
tions (13) and (14) are to be true independent ol' the value of Oy, as
the coefflcients of Oy , must bte zero, and the two equations
reduce 1o ’

|
o

Cn Ar,n =~ Dy Ay — Fp Ar,n-l =Gy Agn-1 =

C'nlrn ~Paubdgn—Flpnbhpna +0nhy s O‘

_ 2 (15)
ChBrn =DPn By n =¥ By ni1~Cq3¢ n1+H =0
C'nPrn = DPnB,n~FnBrn1+GnB na —By-= OJ

{rom which Ay n, At,n, Br,n, and By, can be determined in the
form

\
Ap n = Xn Ax n-1 * Dn Ay
Ay n = K'pnAp oy + L' Ag nat
> (18)
Bron = Xy Br,n-l + Ly Bt,n-l + My
Bi,n = K'n By n-1 + L'p By noy + My
»

if the cefficlients Ay ns Ay ny Br,n: and Bt,n are known
for station n-1 they can be determined by means of equation (16)
for station n.

The coefficients at the First station (r = a) can be determined
by inspection for both the solid disk and the disk with a central hule,
Inspection of equation {(12a) shows that for a solid disk in which both
the tengential and radial stresses alt the first atation are equal to
Ot

,’a
Arja = by g =1
Br,a = Bya =0
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For disk with a central hole in which the radial stress at the
first atation is zero and the tangentisl stress 1is Ot,a

Ar,a = Br,a = Bt,a =0

I

]

At,a
From these known coefficients at the first station, the coefficients
at all other stations can therefore bc determined by successive
applications of equation (16). Once all the coefficients have been
determined, the unknown Ot,a can be determined. The radial stress
at the rim Gr,b is the centrifugal loading of the buckets

Op,b = Ar b Ot,a + Br p

cr

o} - B
- r b r,b (17)
Ot e
»8 Ar,b

where Ar p and Br,b are the coefficients for radial stress at
the rim. The radial and tangsntial stresses at all stations can be
obtained from equation (12a) after Oy o and all the coefi'icients
have been determined '

ILLUSTRATIVE APFLICATICNS
Case I - Elastic-Stress Distribution ir. Solid Disk

The profile of a disk that is to be analyzed for stress dis-
tribution at a speed of 11,500 rpm and the temperature distribution
are shown In figures 2(a) and 2(b), respectively. The first step
In the analysis s to choose an arbitrary number of stations along
the disk radius. The first station is chosen at a radius of about
S percent of the rim radius, the last at the rim. The stations need
not be equidistant, in ract, it is advisable to choose the stations
closely together where there is sharp change in disk contour, in
temperature gradient, or In variation of physical properties. In
this case 18 stations were chosen, spaced relatively close together
near the rim where the gradients in temperature and physical prop-
erties were high and near the center for subsequent use of the same
example to illustrate the effect of a central hole. When only g
solid disk is considered, no concentration of points near the center
18 necassary. The variocus steps of' the calculation are tabulated in
table I.
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The disk radius at ecch stetion is listed in column 1 of tabie I.
The thickness of the disk h at each station is iisted in celumn 2.
A sharp discontinulty in thickness, such as an ebrupt flange, should
be faired in the disk contour anga ths faired disk used in determining
thicknees.

Ordinerily the density of the ma“erial is ccnstant throughcut
the disk, even over the wide range of temperatures. If a faired disk
has been used, however, the densi*y ot the meterial in the faired
reglon should be adjusted to produce the total mass that actually
exlists in the region of each station. Although a flange does not
reduce the stress at its own reglon by increasing the aree, its mass
must be included as it prcduces centrifugal stresses throughout the
disk. The corrscted density at each station multiplied by the square
of’ the rotaticnal speed is listed In column 3. In this cass no
falring was necessary; hsnce, all valucs of denoity are equal.

Poisscn's ratio, listed in column 4, has only an insignificant
effect on the stresa digtribution and, because nc accurate data are
available, a constant value of 0.4 may be used. If accuratc data on
the variaticn with temperature on Poleson's ratic are avallable, use
o7 the exact variable valueg presents no greater difficuvlty than use
of a constant valus. The values of u used in this example are
showr: in figure 2{(c), and were for convenience cobtained by the assump-
tion of a iinsar variation in p with temperaturs.

The mcdulus cf elasticity at each station is listed in column 5.
Variations in this property have a signi{icant affect on the final
gtreas values and accurate data should be used 1If available. For
this example E was arbitrarily assumed to depend linearly upon the
temperaiure, and the variatlion alecng the radius is shown In fig-
ure 2(d). In practical computatiocns, *the true values of elastic
modulus asscciated with the particular temperature at cach staticn
may be used.

The coefficlerts of thermsl expansion are tabulated in column 6.
These coefricients must be the average values applicable to the range
between the temperatures actually existing and those at wnhich there
is no thermal stress. For a homogeneous disk in which there is ro
shrink fitting of one part to another, the condition of zero thermal
stress 18 at room tsmperature. Ingireering tables usually list the
average temperature coefficient of expargion between room temperature
and values of high tewperature; the listed values may *herefore be
used directly.

The difference between the actual temperature and the temperature
at which there is no thermal gtress is listed in cclumn 7. In *this
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cage the stress-free condition ig at a room temperature of 70° F.
Column 7 is therervrs obtained by subtracting 70° F from each of the
values in figure 2{b). This column is of great significance in the
cage involving shrin®t fits.

The quantities Cp to M'p are computed for each station as
indicated in cclumrs & to 34 of table I. Valuss in =ach of these
columns can be obtained in one set of operations on a standard
computing machine. The methiod cf obtaining the data from the
suitable previous columas is indicated at the heading of each column.

Values in columns 33 and 34 mugt be computed simultansously.
The first value for each of thosge columns is unity. Subsequent
values make uge of the previously obtained values in the same columns.
Thus, to determine the value for column 33 at station 2, column 27
at station 2 is multiplied by cclumn 33 &t station 1, and the product
is added to the product of column 28 at station 2 by column 34 at

station 1. For example:
7.81902 x 1.0 + 0.18098 x 1.2 = 1.00020

Columns 35 and 36 are likewise computed simultaneously. The
first value In each of these columns is zerc and each subscquent value
is obtained from the previous values in accordance with the symbolic
notation given at the head of cach column. Thus, to obtain the
column 35 at station 2, column 27 at station 2 is mulliplied by
column 35 at statlon 1, column 28 at station 2 is multiplied by
column 36 at station 1, and the two products are then added to
column 31 at station 2

0,81902 x O + 0.18098 X 0 — 67/.192 = -67.192

Column 37 i1g unifcrm for all stations and is obtuained from the
expression

Op b ~ (35)y
(337,

where Cr,b 18 the bucket loading at the rim. The bucket loading is
obtained by dividing the total centrirugal rorce at the roct of the
buckets by the total rim peripheral area. In this probiem Opp 18
6500 poundes per squarc inch, column 37 1s therelore,

870 ~ (-72,296)
193765

= 42,008 pounds per square inch
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Columnsg 38 and 39 give the radial and tangential stresses =zt cacl
of the stations, As indicated ir table I they are obtained by routine
muttiplicationg and additions of columusg 22 Lo 37.

The radial and tangeatial stresses from colunns 38 aid 7S are
plotted in figure 3, 7The atiesses at the center of the disk are tzken
soqual to these at ststion a, which is one-hal? inch removed from the
center,

Because the method presentec is the only one krown to the author
that takes into account polint-to-point veoristion in Poisvon'c ratio,
tue error involved In the zgaupption cf a constant value of this
quantity as compared with the rigorous itvestuent of 1ts nolut-to-noint
varicrtious is valuable to determ’ne. The broken-line cuvrves in fig-

ure 2 ghow calculations for congiant vilucs of o= 0.3 and p = 0.3
compared with the solid ¢avves, which ohow tug gtve 'gen oYy a con-
t‘vuouslv variable value of 11 with bewmerature, ac shown In figure 2

Cul
nd tobulated in colima 4 of Sane T, The no%‘~coincidence of thece
curves inrdicatea that the ossumotion ¢f a coustont volue of o wiihin
the range of actuel veliies reaulbts in cccurnte ival velues of radicl
and tuncential gstresses,

The effect that diflerence i1 the rnumter o7 ztotions hag on the
accur°”y of the resu'ts iz suowr In flicure 4. Littie accurscey uig

ed by tie wge of additional woiutsg; «a fow av six peints in thin
”cular case can yleid accurate rcsuH,u at a2 prest saving in com-
ptiv, time.

Case 1T -~ DTlastic-3trese Distiibuaticr 'n
Diglr with Centrel Hole

A disk with a “ontfal hole ig ata
golid disk except that the first stati
ary ingtead of at an SFDLﬁE”Ty omall
The choice of statiocns nocar bthe ceutl
tiaig cage Statlons wiould be taken alue
5 mercent of the riu ¢li-meter Trom the ‘naids
In order to illusirate the procedure
used but with o cerntial hole 1 iuch
station a will ve ccuveniently locrted
tion a for Cnse I.

th the central lolo
are identical to the correupondiny colurns of table I for the sollid

Columns 1 to 32 for the dis: of figure 2(z2) wi
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disk. In column 33 the entry Ffor station a 1s O instead of 1 as
for the solid disk; otherwise, the procedure for calculating col-
umns 33 to 39 is the same ag that of table I. Table II gives the
modified columns 33 to 39 thaet result from changing the single
first entry in column 33 and figure 5 shows a plot of the resulting
radial and tangential stresses; the curves marked "18 stations" are
the stress values for this computation.

The results of supplementary calculaticns nsing different
numoers of stations (fig. 5) indicate that considerable error can
result in the determination of the peak stress at the inner boundary
1t an insuff'icient number of stations are chosen near this boundary.
A more judicious choice of stations for the 6- and 10-gtation systems
could produce mere accurate results than those shown; in the absence
0. experience in choice of locations, however, it 1s better to choose
a large number of stations and insure accuracy.

A vractical procedure used to reduce the amount of calculation
necesgary to obtain the critical end stresses is to calculate the
stress distribution on the basls of a solid disk using a few stations
and then to modify the stresses in the immediate vicinity of the
central hole by the stress concentration factor characteristically
Introduced by the hole. A comparison oi [igures 4 and 5 indicates
that, with the exception of the region immediately adjacent to the
central hole, the stresses are similar for the cases of the solid
disk and oi’ the disk with the central hole; this stress distribution
depends very little on the number oir stations chosen., By reference 3

fig. 145), for example, the characteristic gtress concentration for

& disk with a central hole of which the diameter is one-twentieth of
the outside diameter is about 2.0, From calculations based on dif-
ferent numbers of stations the calculated average stress at the center
of the solid disk (fig. 4) is 43,000 pounds per square 1inch. The
tangential stress at the inside boundary for the disk with the central
hole should therefore be 2 X 43,000 = 86,000 pounds per square inch.
The radial strcss at a free boundary is, of course, zero. A curve
faired between these boundary values and the general curves of fig-
ure 4 would coincide very closely with the 27-station result of fig-
ure 5.

Case III - Elastic-Stress Distribution in

Composite Welded Disks

For some applications turbine wheels must be fabricated by
welding parts composed of several materials. The method of analysis



16 NACA TN No. 1279

presented 1s applicable to studles of composite welded disks in which
various alternatives of boundary locatlion and shrink interference can
be investigated with few changes in the tabulated computations. The
procedure is 1llustrated for a typical application in which the bound-
ary location is constant.

The disk of rigure 2(a) ls assumed to be made in two parts with
the boundary at the 6-inch station. Figure 6 shows the two portions
of the disk just before welding. The heat-resisting outer portion
is heated to 670° F while the inner portion is maintained at 70° F.
(In practice both portions may be heated while maintaining a desired
temperature differential.) At this temperature condition an exact fit
exists between the mating tips of the two parts. The wedge is then
filled with weld metal.

The agsumption 1s made that this temperature differential between
the two portions of the disk is maintained throughout the welding
process in making the calculations. Any cooling of the outer region
prior to the placement of the weld metal would produce a crushing of
the mating tips and reduce the effective amount of shrink. Localized
effects of the weld metal in producing residual stresses are neglected.
The celculations are made as if the high-temperature alloy, having
full width at the mating face, is shrunk at 670° F onto the full-width
gteel central portion. Table III shows the essential tabulations for
this case.

In order to insure accuracy a few more stations than were used
in tables I and II have been chosen in the vicinity of the boundary.
The denslties of the two materials are somewhat different. The
quantities for u and E are the values at the temperatures of
figure 2(b). The quantity AT at each station is the difference
between the exlsting temperature and the temperature at which there
is zero thermal stress. The temperatures of zero thermal stress occur
Just before the shrink fit when the outer portion is at 670° F and
the inner portion 1s at 70° F. Therefore, for the outer portion
670° F is subtracted at each station from the temperatures of fig-
ure 2(b) and for the inner portion 70° F is subtracted. The value of
a at each station must be the average & between the stress-free
temperature and the operating temperature. At the rim, {or example,
an average coefficient of expansiocn between 670° F and 1270° F must
be used., The average temperature coefficient ay_, applicable to the

range between any two temperatures Ty and T¢ can be found by

- CL'-Z T'z - G.'l T'l
-2 =T, — (L + o'y T'1)
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vwhere o'y and a's are the average coerficients of thermal expan-
sion between between room temperature and the temperatures Ty and
Tz, respectively, and T'; and T's are the temperature differences
between Ty and T, and room temperature.

The procedure of calculating table III from column 8 on is
similar to that of table I. The final calculated values of stress
are shown in figure 6.

Comparison of figures 5 and 6 shows that a shrink fit, unless
excegsive, can have beneficial effects. The shrink fit reduces the
tangential tensile stresses that exist near the central hole under
operating conditions and also the tangential compressive stregs at
the rim. Compressive stresses at the rim can be detrimental. If the
elastic compressive stresses exceed the yleld strength of the material,
Plastic flow takes place and a residual tangential tenslle stress
exists after operation. Because the region of the rim is a stress-
concentrated area as a result of the blade attachments, even rela-
tively small residual tengile stress may cause cracks. The shrink
fit removes the high tensile stress at the center and the high com-
presgive stress at the rim but introduces a high tensile stress at
the boundary of the two fitted regions. The boundary is at a lower
running temperature and has no stress-concentrating effects of the
blade attachments.

The optimum amount of shrink, however, is fairly critical.
Probably the shrink of the illustrative gxample is excessive. There
is no nced to reduce the stresses at the hole and at the rim as much
as shown in figure 6 at the expense of such a high stress at the
boundary. An additional calculation can readily be made by using a
smaller temperature difference of shrinking than assumed in this
calculation. Only columns 6, 7, 24, 31, 32, and 35 to 39 are affected
by any change, and the redistribution of stress can be calculated very
rapidly. Thus, & more sultable shrink fit can readily be found.

Case IV - Check on Adequacy of Method

Checks on the adequacy of the method were obtained by comparing
the results of finite-difference calculations to theoretically correct
results in several cases where the latter could be obtained. In one
case a parallel sided disk was studied. The conditions of operation
are shown in figure 7; the circles and squares show the radial and
tangential stresses as determined by the finits-difference method,
regpectively; and the solid lines show the theoretically correct
stresses obtained by rigorous solution of equations (1) and (7) for
this case in which E, o, and u are constant. This correlation
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is seen to be very gecod. The maximvm devistion occurs at the boundary
of the central hole where the differsnce between the tangential stress
as computed by the finite-difference method and the theoretically cor-
rect value is about 2 percent. Tho average devistion between the
theoretical and Tinite -difference stresses throughout the disk 1s lesso
than fone-half percent. Checks on solid disk prcduced closer agree-
ment, even when a small number of stations were used. A check on a
Jigk of uniform strength vproduced results differing from the exact
solution in the order of fone-fourth percent of the theoretical
stresses throughout the entire disk.

CONCILUSIONS

The finite-difference method of calculating stresses in rotating
disks has been applied extensively to various types of turbine disks
under different conditions of constant temper=zture or with a temper-
ature gradient. The procedure was found to he convenient and rapid.
Where checks were available, Llhe resu:ts showed a high degree of
accuracy.

Flizit Propulsion Research Labhoratory,
National Advisory Committee for Aeronautics,
Cleveland, Ohio, February 27, 1947.
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TABLE I - CALCULATION OF STRESSES

[Engine speed, 11,500 rpm; operating
at center; average radlal stress
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TABLE II - CALCULATION OF STRESSES IN DISK WITH 1-INCH CENTRAL HOLE

[Englne speed, 11,500 rpm; operating temperature,

1270° F &t rim, 670° F at center)
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TABLE III - CALCULATION OF

[Engine speed, 11,500 rpm; operating
at center; shrinking cendition, 800 F for
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26/8.250 | 2,610 | 1030.21 | .410 | 24.1 8.470 424 | 21.533 .1250 | .32625 | .33750 | 183,017
27{8,.800 | 2.300 | 1030.21 | .410 | 23.8 8.570 477 | 20.230 .1250 | .297%0 | .32825 | 177,155
28(8.750 | 2.145 | 1030.21 | .410 | 22.9 8.678 538 | 18.769 .1250 | .26813 | .29750 | 169,191
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4| 042154 008923 +034154 4,236.60 0.00 -.15674 86691 | .13312
8| .041693 009539 034770 4,236,60 0.00 -.17790 .88250 | .11753
6| .041334 010000 .036231 4,236.60 0.00 -.19904 .89480 | .10518
7| 041047 010359 035590 4,236.60 0.00 -.22015 .90482| 095188
8| .040812 .010646 .035877 4,236.80 0.00 -.24125 .91308| .086922
9| 040816 010881 .036112 4,236.80 0.00 -.26234 «92000 | 079974
10| 042154 .008923 J034154 4,238.80 0.00 -.31349 86687 ,13312
11| 041693 009639 034770 4,243.88 7.06 -.35581 88249 ,11752
12| 043631 008769 032000 4,268.47 24,81 -.42731 .87723| ,168825
13| .042034 .008062 033203 4,292.70 24.23 - 47770 90279 | .15881
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17| 042024 .010631 .036139 4,712,00 157,32 -.55216 1.00429| 20036
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22| 039420 013781 035971 1,312.96 280,70 -.54654 .95727| 056272
28| .040554 013476 .035826 1,787.94 474,96 -.60218 .93347| .068418
24| (041384 .013886 .036666 2,378.78 590,82 -.82583 74459 | 056967
25( .042614 014348 037868 3,145.88 767.12 - 90795 .93575| 059584
26| .042380 015835 039917 3,591.28 445.40 -.90873 1.00390 | .020138
27| 043438 018126 .040608 4,087,589 496,861 -.07324 1.06553 | 030062
28| .044548 .016585 041671 4,651.41 563,52 -.83108 1.07904 | .029351
b| 046138 .017024 0427688 5,280.00 528,55 -.78842 1.09213 | .02864¢
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ta) Location of point stations.
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Flgure 1., - Sketches used to derive finlte—difference equations for
stresses in symmetrical rotating disk.
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(a) Disk profile: Case |, solid disk; Case II, disk
with {~inch central hole.
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Figure 2. - Disk profile, temperature distribution, and variation of
physical properties of disk material as function of radius, for
itlustrative problems,
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Figure 3. — Stress distribution in solid disk of figure 2
computed with constant and with variable values of Polsson'sg
ratio.
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Figure 4. — Effect on calculated stress distribution in disk

of figure 2 of various numbers of stations.
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Figure 5, - Effect on calculated stress distribution in disk of figure 2 with
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on fig.
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Figure 6, - Stresses at running conditions of speed and temperature in com-
posite welided disk. Temperature of operating rim section during welding,
670° F; temperature of central section, 70° F.
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Figure 7. - Comparison between theoretical and finite-difference solution
stresses in parallel-sided disk of 20-inch diameter rotating at 10,000
rpm with temperature gradient that varies as fourth power of radius from
600° F at center to (200° F at rim. E, 30x10% pounds per square inch;
a, 01070 (inches per inch) per OF; W, 0.3.






